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Abstract
A new procedure called ‘source generation’ is applied to the pfaffianized KP equation. As a result, the pfaffianized-KP equation
with self-consistent sources (ESCS) is obtained. This coupled system cannot only be reduced to the pfaffianized KP equation, but
also reduced to the KP equation with self-consistent sources (KPESCS). So the pfaffianized-KP ESCS can be viewed as a pfaffian
version of the KPESCS, which indicates the commutativity of the ‘source generation’ procedure and pfaffianization.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The KP equation is the (2 + 1)-dimensional nonlinear partial differential equation
ut + uxxx + 6uux +
x∫
uyy dx = 0, (1)
which becomes, by a simple scale transformation,
−4ut + uxxx + 6uux + 3
x∫
uyy dx = 0. (2)
Through the dependent variable transformation
u = 2(ln τ)xx,
Eq. (2) can be transformed into the bilinear equation(
D4x − 4DxDt + 3D2y
)
τ • τ = 0, (3)
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DlxD
n
t f • g = (∂x − ∂x′)l(∂t − ∂t ′)nf (x, t)g(x′, t ′)|x=x′,t=t ′ .
It is well known that there are two approaches to construct the coupled systems of the KP equation. One way is to
construct a pfaffianized system with solutions in the form of pfaffians [1,2], i.e.,
4ut − uxxx − 6uux − 3
x∫
uyy dx + 24(vvˆ)x = 0, (4)
2vt + vxxx + 3uvx + 3
(
vxy + v
x∫
uy dx
)
= 0, (5)
2vˆt + vˆxxx + 3uvˆx − 3
(
vˆxy + vˆ
x∫
uy dx
)
= 0. (6)
Such a procedure is called pfaffianization [1–8]. Applying the set of dependent variable transformation
u = 2(ln τ)xx, v = σ/τ, vˆ = σˆ /τ,
Eqs. (4)–(6) can be transformed into the bilinear form:(
D4x − 4DxDt + 3D2y
)
τ • τ = 24σ σˆ , (7)(
D3x + 2Dt + 3DxDy
)
σ • τ = 0, (8)(
D3x + 2Dt − 3DxDy
)
σˆ • τ = 0. (9)
The other approach is to produce the KP equation with self-consistent sources (KPESCS) [9,17]. The KPESCS can
also be obtained using the ‘source generation’ procedure proposed in Ref. [28], and the explicit process will be given
in the next section. In recent years, many results on soliton equations with self-consistent sources have been obtained
(see, e.g., [9–31]). In Ref. [28], a new algebraic method called ‘source generation procedure’1 based on the bilinear
method, was proposed for the first time to construct and solve soliton equations with self-consistent sources (SESCS).
This procedure is closely connected with determinant or pfaffian solutions of original equations without sources. The
source generation procedure is described as follows:
(1) to express N -soliton solutions of a soliton equation without sources in the form of determinant or pfaffian with
some parameters, i.e., arbitrary constants ci,j ,
(2) to introduce corresponding determinants or pfaffians with some new parameters, say arbitrary functions of one
independent variable, e.g. ci,j (t),
(3) to seek coupled bilinear equations whose solutions are just these new generalized determinants or pfaffians. These
coupled system is so-called SESCS.
This procedure has been successfully applied to the 2D Toda lattice equation, the semi-discrete Toda equations,
the dKP and BKP-type equations [28,29]. Since the source generation procedure and pfaffianization are two different
ways to construct the coupled systems of soliton equations, it would be interesting to study the problem: what kind
of equations will be derived if pfaffianization and the source generation procedure are successively applied to the
KP equation? To be more specific, we have the following equivalent questions: (A) can the KPESCS be pfaffianized,
and (B) can the pfaffianized-KP equations be generalized into pfaffianized-KP equations with self-consistent sources
(pfaffianized-KP ESCS)? The purpose of this paper is to answer these two questions. The paper is organized as
follows. In Section 2, the KPESCS and its Gramm-type determinant solutions are obtained via the source generation
procedure. In Section 3, the pfaffianized-KP ESCS will be derived through the source generation method, and this
system can also be thought of as the pfaffianization of the KPESCS (pfaffianized KPESCS). Finally, conclusion and
discussions are given in Section 4.
1 In Ref. [28], this procedure is firstly called ‘source generalization.’ However considering the fact that the procedure enables to introduce sources
in integrable equations, it may be more precise to rename the title of the procedure as ‘source generation.’
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In this section, we take the KP equation as an example to describe the source generation procedure and explain
how the KPESCS and its Gramm-type determinant solutions are obtained. Firstly, we know from [2] that the bilinear
KP equation (3) has the following Gramm-type determinant solution:
τ = det
(
βij +
x∫
fif˜j dx
)
1i,jN
, βij = constant,
with functions fi and f˜j satisfying
∂fi
∂xn
= ∂
nfi
∂xn
,
∂f˜i
∂xn
= (−1)n−1 ∂
nf˜i
∂xn
(x1 = x, x2 = y, x3 = t). (10)
Now we generalize τ to the form
f = det(aij )1i,jN, (11)
where the determinant elements are defined as follows:
aij = βij (t) +
x∫
fif˜j dx, i, j = 1,2, . . . ,N,
with βij (t) satisfying
βij (t) =
{
βi(t), i = j and 1 i K N , K,N ∈ Z+,
βij , otherwise,
and βi(t) being a function of variable t . From the observation of Ref. [2], any determinant can be expressed in the
form of pfaffian. So for the simplicity of calculation, we can express the function f in (11) as the following form of
pfaffian:
f = pf(1,2, . . . ,N,N∗, . . . ,1∗), (12)
where pfaffian elements are defined by:
pf(i, j∗) = aij = βij (t) +
x∫
fif˜j dx, pf(i, j) = pf(i∗, j∗) = 0, i, j = 1,2, . . . ,N.
Following the source generation procedure, we need to introduce new functions gj and hj expressed by
gj = 2
√
2β˙j (t) pf(d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗), j = 1,2, . . . ,K, (13)
hj = 2
√
2β˙j (t) pf(d0,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗), j = 1,2, . . . ,K, (14)
where the dot denotes the derivative of βj (t) with respect to t , and new pfaffian elements are defined in the following
form:
pf
(
d∗m, i
)= ∂m
∂xm
fi, pf(dn, j∗) = ∂
n
∂xn
f˜j , m,n ∈ Z,
pf
(
d∗m,dn
)= pf(d∗m,d∗n)= pf(dm, dn) = pf(d∗m, j∗)= pf(dm, i) = 0.
Then we can show that the f , gj and hj so defined satisfy the bilinear equations:
(
D4x − 4DxDt + 3D2y
)
f • f −
K∑
j=1
gjhj = 0, (15)
(
Dy + D2x
)
f • gj = 0, j = 1,2, . . . ,K, (16)(
Dy + D2x
)
hj • f = 0, j = 1,2, . . . ,K. (17)
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left-hand side of Eq. (15) yields the following expression:
3
[
pf
(
d0, d
∗
0 , d1, d
∗
1 ,•
)
pf(•) − pf(d0, d∗0 ,•)pf(d1, d∗1 ,•)+ pf(d0, d∗1 ,•)pf(d1, d∗0 ,•)]
−
K∑
j=1
β˙j (t)
[
pf
(
d0, d
∗
0 ,1, . . . , jˆ , . . . ,N,N
∗, . . . , jˆ∗, . . . ,1∗
)
pf(•)
− pf(d0, d∗0 ,•)pf(1, . . . , jˆ , . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
+ pf(d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)pf(d0,1, . . . , jˆ , . . . ,N,N∗, . . . ,1∗)].
Utilizing the definition of pfaffian elements, the above expression is equal to the form of determinants:
3
⎡
⎣
∣∣∣∣∣∣
A fT fTx
f˜ 0 0
f˜x 0 0
∣∣∣∣∣∣ |A| −
∣∣∣∣A fTf˜ 0
∣∣∣∣
∣∣∣∣A fTxf˜x 0
∣∣∣∣+
∣∣∣∣A fTxf˜ 0
∣∣∣∣
∣∣∣∣A fTf˜x 0
∣∣∣∣
⎤
⎦
−
K∑
j=1
β˙j (t)
[∣∣∣∣∣Aj,j f
T
j
f˜j 0
∣∣∣∣∣ |A| −
∣∣∣∣A fTf˜ 0
∣∣∣∣ |Aj,j | − ∣∣A0,j fT∣∣
∣∣∣∣Aj,0f˜
∣∣∣∣
]
,
which vanishes according to the Jacobi determinant identity, where “T ” denotes the transpose of a matrix, and A =
(aij )1i,jN , and Aj,j denotes the matrix eliminating the ith row and the j th column from the matrix A, and Aj,0,
A0,j denotes the matrices eliminating the ith row and the j th column from the matrix A, respectively. Besides, f and
f˜ are (1 × N) matrices expressed respectively in the following forms:
(f1, f2, . . . , fN), (f˜1, f˜2, . . . , f˜N ),
and fj, f˜j denotes 1 × (N − 1) matrices eliminating the j th column from f, f˜ respectively. So Eq. (15) holds. Similarly,
substitution of (11)–(13) into the left-hand side of Eq. (16) gives the following relation in the form of pfaffian:
pf
(
d0, d
∗
1 ,•
)
pf
(
d∗0 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗
)+ pf(•)pf(d0, d∗0 , d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗)
−pf(d0, d∗0 ,•)pf(d∗1 ,1, . . . ,N,N∗, . . . , jˆ∗, . . . ,1∗), j = 1,2, . . . ,K,
which can also be rewritten as the determinantal form:∣∣∣∣A fTxf˜ 0
∣∣∣∣ ∣∣A0,j fT∣∣+ |A|
∣∣∣∣A0,j fTx fTf˜j 0 0
∣∣∣∣−
∣∣∣∣A fTf˜ 0
∣∣∣∣ ∣∣A0,j fTx ∣∣,
which is nothing but zero according to the Plücker relation of determinants [2]. So Eq. (16) holds. In an analogous way,
we can prove Eq. (17) holds. So f , gj and hj in (11)–(14) are Gramm-type determinant solutions of Eqs. (15)–(17).
If we apply the dependent variable transformations:
u = 2(lnf )xx, Φj = gj/f, Ψj = hj/f, j = 1,2, . . . ,K.
Bilinear equations (14)–(16) are transformed into the following nonlinear equations:
4ut − uxxx − 6uux − 3
x∫
uyy dx +
K∑
j=1
(ΦjΨj )x = 0, (18)
Φj,y = Φj,xx + uΦj , (19)
−Ψj,y = Ψj,xx + uΨj , (20)
which is just the nonlinear KPESCS.
In this case, the KPESCS (18)–(20) has solutions in the following forms:
u = 2(ln |A|)
xx
, Φj = 2
√
2β˙j (t)
|fT A0,j |
|A| , Ψj = 2
√
2β˙j (t)
∣∣ f˜
Aj,0
∣∣
|A| . (21)
The results in (18)–(21) are consistent with the result in Ref. [17].
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In this section, we will apply the source generation procedure to the bilinear pfaffianized KP equations (7)–(9).
Firstly, we know from [1] that the pfaffianized KP equations (7)–(9) has the Gramm-type pfaffian solution
τ = pf(1,2, . . . ,2N)1 = pf(•)1, σ = pf(c1, c0,•)1, σˆ = pf(d0, d1,•)1,
where the pfaffian elements are defined by
pf(i, j)1 = cij +
x∫
(fi f˜j − fj f˜i)dx, cij = −cij = constant, i, j = 1,2, . . . ,2N,
pf(dn, i)1 = ∂
nfi
∂xn
, pf(cm, i)1 = ∂
mf˜i
∂xm
, pf(dm, dn)1 = pf(cm, cn)1 = pf(dm, cn)1 = 0.
In the following, we will construct the pfaffianized-KP equation with self-consistent sources. According to the source
generation procedure, we assume that the functions F , δ and δˆ have the forms, respectively,
F = pf(1,2, . . . ,2N)2 = pf(•)2, δ = pf(c1, c0,•)2, δˆ = pf(d0, d1,•)2, (22)
where the pfaffian entries are defined as follows
pf(i, j)2 = Cij (t) +
x∫
(fi f˜j − fj f˜i)dx, i, j = 1,2, . . . ,2N,
pf(dn, i)2 = ∂
nfi
∂xn
, pf(cm, i)2 = ∂
mf˜i
∂xm
,
pf(dm, dn)2 = pf(cm, cn)2 = pf(dm, cn)2 = 0,
with Cij (t) = −Cji(t) satisfying
Cij (t) =
{
Ci(t), i < j and j = 2N + 1 − i, 1 i K N ,
cij , i < j and j = 2N + 1 − i.
Then functions F , δ and δˆ do not satisfy Eqs. (7)–(9) any more. Instead they satisfy the bilinear equations
(
D4x − 4DxDt + 3D2y
)
F • F = 24δδˆ +
K∑
i=1
(GiHi − GˆiHˆi), (23)
4
(
D3x + 2Dt + 3DxDy
)
δ • F =
K∑
i=1
DxGˆi • Gi, (24)
4
(
D3x + 2Dt − 3DxDy
)
δˆ • F =
K∑
i=1
DxHˆi • Hi. (25)
At the same time, functions F , δ and δˆ also satisfy the following additional equations(
Dy + D2x
)
Gi • F = 2δHˆi,
(
Dy + D2x
)
Gˆi • F = 2δHi, i = 1,2, . . . ,K, (26)(
Dy + D2x
)
F • Hˆi = 2Giδˆ,
(
Dy + D2x
)
F • Hi = 2Gˆi δˆ, i = 1,2, . . . ,K, (27)
where functions Gi , Hi , Gˆi and Hˆi have the following expressions:
Gi = 2
√
2C˙i(t) pf(c0,1, . . . , iˆ, . . . ,2N)2, Hi = 2
√
2C˙i(t) pf(d0,1, . . . , ̂2N + 1 − i, . . . ,2N)2,
Hˆi = 2
√
2C˙i(t) pf(d0,1, . . . , iˆ, . . . ,2N)2, Gˆi = 2
√
2C˙i(t) pf(c0,1, . . . , ̂2N + 1 − i, . . . ,2N)2, (28)
where i = 1,2, . . . ,K . Then Eqs. (23)–(27) constitute the pfaffianized-KP equation with self-consistent sources
(pfaffianized-KP ESCS) in the bilinear forms.
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mainly use two pfaffian identities [2]:
(a1, a2, a3, a4,•)(•) − (a1, a2,•)(a3, a4,•) + (a1, a3,•)(a2, a4,•) − (a1, a4,•)(a2, a3,•) = 0,
(a1, a2, a3, 	)(•) − (a1, 	)(a2, a3,•) + (a2, 	)(a1, a3,•) − (a3, 	)(a1, a2,•) = 0,
where 	 denotes {1,2, . . . ,2N − 1}. In fact, we can calculate the derivatives of those functions according to Ref. [2]:
∂
∂t
F =
K∑
i=1
C˙i(t)pf(1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2 + pf(c0, d2,•)2 − pf(c1, d1,•)2 + pf(c2, d0,•)2,
∂2
∂x∂t
F =
K∑
i=1
C˙i(t)pf(c0, d0,1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2 + pf(c0, d3,•)2 + pf(c3, d0,•)2
− pf(c0, d0, c1, d1,•)2,
∂
∂t
δ =
K∑
i=1
C˙i(t)pf(c1, c0,1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2 − pf(c0, c4,•)2 − pf(c3, c1,•)2
− pf(c0, c1, c2, d0,•)2. (29)
For simplicity of calculation, we set
G˜j = pf(c0,1, . . . , jˆ , . . . ,2N)2, H˜j = pf(d0,1, . . . , jˆ , . . . ,2N)2, 1 j  2N.
Then we arrive at the differential formulas
G˜j,x = pf(c1,1, . . . , jˆ , . . . ,2N)2, H˜j,x = pf(d1,1, . . . , iˆ, . . . ,2N)2,
G˜j,xx = pf(c2,1, . . . , jˆ , . . . ,2N)2 + pf(c1, c0, d0,1, . . . , jˆ , . . . ,2N)2,
H˜j,xx = pf(d2,1, . . . , jˆ , . . . ,2N)2 + pf(c0, d0, d1,1, . . . , jˆ , . . . ,2N)2,
G˜j,y = −pf(c2,1, . . . , jˆ , . . . ,2N)2 + pf(c1, c0, d0,1, . . . , jˆ , . . . ,2N)2,
H˜j,y = pf(d2,1, . . . , jˆ , . . . ,2N)2 − pf(c0, d0, d1,1, . . . , jˆ , . . . ,2N)2. (30)
Substitution of (22), (28) and (29) into Eq. (23) comes to the sum of the following pfaffian identities:
3
[
pf(c0, d0, c1, d1,•)2 pf(•)2 − pf(c1, d1,•)2 pf(c0, d0,•)2 + pf(c1, d0,•)2 pf(c0, d1,•)2
− pf(c1, c0,•)2 pf(d0, d1,•)2
]− K∑
i=1
C˙i(t)
[
pf(c0, d0,1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2 pf(•)2
− pf(1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2 pf(c0, d0,•)2
+ pf(c0,1, . . . , iˆ, . . . ,2N)2 pf(d0,1, . . . , ̂2N + 1 − i, . . . ,2N)2
− pf(c0,1, . . . , ̂2N + 1 − i, . . . ,2N)2 pf(d0,1, . . . , iˆ, . . . ,2N)2
]≡ 0.
Similarly, substituting (22) and (28)–(30) into Eq. (24), we derive the following pfaffian identities:
3
[
pf(c0, c1, c2, d0,•)2 pf(•)2 − pf(c1, c2,•)2 pf(c0, d0,•)2 + pf(c0, c2,•)2 pf(c1, d0,•)2
− pf(c0, c1,•)2 pf(c2, d0,•)2
]− K∑
i=1
C˙i(t)
[
pf(c1, c0,1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2 pf(•)2
− pf(c1, c0,•)2(1, . . . , iˆ, . . . , ̂2N + 1 − i, . . . ,2N)2
+ pf(c0,1, . . . , ̂2N + 1 − i, . . . ,2N)2 pf(c1,1, . . . , iˆ, . . . ,2N)2
− pf(c1,1, . . . , ̂2N + 1 − i, . . . ,2N)2 pf(c0,1, . . . , iˆ, . . . ,2N)2
]≡ 0.
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substituting (22), (28) and (30) into Eqs. (26) and (27), respectively, we obtain the pfaffian identities (1 j  2N)
pf(c0, c1, d0,1, . . . , jˆ , . . . ,2N)2 pf(•)2 − pf(c0,1, . . . , jˆ , . . . ,2N)2 pf(c1, d0,•)2
+ pf(c1,1, . . . , jˆ , . . . ,2N)2 pf(c0, d0,•)2 + pf(d0,1, . . . , jˆ , . . . ,2N)2 pf(c1, c0,•)2 ≡ 0,
pf(c0, d0, d1,1, . . . , jˆ , . . . ,2N)2 pf(•)2 − pf(c0,1, . . . , jˆ , . . . ,2N)2 pf(d0, d1,•)2
+ pf(d0,1, . . . , jˆ , . . . ,2N)2 pf(c0, d1,•)2 − pf(d1,1, . . . , jˆ , . . . ,2N)2 pf(c0, d0,•)2 ≡ 0.
The above results show that functions F , δ, δˆ, Gi , Hi , Gˆi and Hˆi expressed in (22) and (28) are pfaffian solutions of
the pfaffianized-KP ESCS (23)–(27).
Applying the set of dependent variable transformation
u = 2(lnF)xx, v = δ
F
, vˆ = δˆ
F
, ϕi = Gi
F
, ϕˆi = Gˆi
F
, ψi = Hi
F
,
ψˆi = Hˆi
F
, i = 1,2, . . . ,K,
the coupled system (23)–(27) is transformed into nonlinear equations
uxxx + 6uux − 4ut + 3
x∫
uyy dx = 24(vvˆ)x +
K∑
i=1
(ϕiψi − ϕˆi ψˆi)x,
2vt + vxxx + 3uvx + 3
(
vxy + v
x∫
uy dx
)
= 1
4
K∑
i=1
(ϕˆi,xϕi − ϕˆiϕi,x),
2vˆt + vˆxxx + 3uvˆx − 3
(
vˆxy + vˆ
x∫
uy dx
)
= 1
4
K∑
i=1
(ψˆi,xψ − ψˆiψi,x),
ϕi,xx + ϕi,y = 2vψˆi − uϕi, ϕˆi,xx + ϕˆi,y = 2vψi − uϕˆi,
ψi,xx − ψi,y = 2vˆϕˆi − uψi, ψˆi,xx − ψˆi,y = 2vˆϕi − uψˆi . (31)
In the following, we will restrict the pfaffian solutions (22) and (28) of the pfaffianized-KP ESCS (23)–(27) such
that the pfaffian solutions can be reduced to the Gramm-type determinant. For this purpose, we choose
fi =
{
fi, if 1 i N ,
0, if N + 1 i  2N , f˜i =
{0, if 1 i N ,
f˜i , if N + 1 i  2N ,
Cij (t) =
⎧⎨
⎩
0, if 1 i, j N ,
0, if N + 1 i, j  2N ,
Cij (t), if 1 i N,N + 1 j  2N .
In this case, the pfaffian entries in (22) become
pf(i, j)2 =
⎧⎨
⎩
0, if 1 i, j N ,
0, if N + 1 i, j  2N ,
Cij (t) +
∫ x
(fi f˜j − fj f˜i)dx, if 1 i N, N + 1 j  2N ,
pf(dn, i)2 =
{
∂n
∂xn
fi, if 1 i N ,
0, if N + 1 i  2N , pf(cm, i)2 =
{0, if 1 i N ,
∂m
∂xm
f˜i , if N + 1 i  2N .
Then pfaffian solutions δ, δˆ, Gˆi and Hˆi become zero while F , Gi and Hi are reduced to the following Gramm-type
determinants, respectively,
H.-Y. Wang et al. / J. Math. Anal. Appl. 338 (2008) 82–90 89F ′ = pf(1,2, . . . ,2N)2  pf(1, . . . ,N,N∗, . . . ,1∗)2 = det(mij )1i,jN, (32)
G′i = 2
√
2C˙i(t) pf(d¯0,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗)2, (33)
H ′i = 2
√
2C˙i(t) pf
(
d¯∗0 ,1, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗
)
2, (34)
where the pfaffian entries are defined by
mij = pf(i, j∗)2 = pf(i,2N + 1 − j)2 = αij (t) +
x∫
fif˜2N+1−j dx, i, j = 1,2, . . . ,N,
pf(i∗, j∗)2 = pf(i, j)2 = 0, pf
(
d¯∗n, i
)
2 = pf(dn, i)2, pf(d¯m, j∗)2 = pf(cm,2N + 1 − j)2,
pf
(
d¯∗n, d¯m
)
2 = pf
(
d¯∗n, d¯∗m
)
2 = pf(d¯n, d¯m)2 = pf
(
d¯∗n, j∗
)
2 = pf(d¯n, i)2 = 0,
and the αij (t)’s satisfy
αij (t) =
{
Ci,2N+1−i = Ci(t), i = j , 1 i K ,
ci,2N+1−j , i = j .
Hence the bilinear Eqs. (23)–(27) are reduced to the equations
(
D4x − 4DxDt + 3D2y
)
F ′ • F ′ =
K∑
i=1
H ′iG′i , (35)
(
Dy + D2x
)
F ′ • H ′i = 0, i = 1,2, . . . ,K, (36)(
Dy + D2x
)
G′i • F ′ = 0, i = 1,2, . . . ,K. (37)
Accordingly, the nonlinear equations in (31) are reduced to the equations
4ut − uxxx − 6uux − 3
x∫
uyy dx = −
N∑
i=1
(ϕiψi)x, ϕi,xx + ϕi,y = −uϕi, ψi,xx − ψi,y = −uψi. (38)
Equations (35)–(38) are nothing but the KPESCS (15)–(20), and F ′, H ′i , G′i in (32)–(34) are in the same forms as the
solutions (11)–(14) of the Grammian determinant solutions of the KPESCS.
The above results show that functions F , Hi and Gi in (22) and (28) are pfaffian generalization of determinant
solutions F ′, H ′i and G′i in (32)–(34) of the KPESCS, and the pfaffianized-KP ESCS (22)–(27) can be viewed as the
pfaffianized KPESCS.
4. Conclusion and discussions
In this paper, we have applied the ‘source generation’ procedure to the KP equation and the pfaffianized KP
equation. Firstly, we utilized the source generation procedure to obtain the KPESCS and its Grammian determinant
solutions. Then we constructed the pfaffianized-KP ESCS (p-KP ESCS) (23)–(27) and gave its Grammian pfaffian
solutions in (21) and (27) through ‘source generation’ method. By the restriction of the solutions F , δ, δˆ, Gi , Hi ,
Gˆi and Hˆi of the p-KP ESCS, the pfaffian solutions can be reduced to the Grammian determinant solutions of the
KPESCS (35)–(37). Therefore the p-KP ESCS can be viewed as the pfaffianized KPESCS. At the same time, if we set
each Ci(t) to be constant, the sources Gi , Hi , Gˆi and Hˆi in (28) become zero. In this case, the p-KP ESCS (23)–(27)
is reduced to the pfaffianized KP equation, and F , δ, δˆ in (22) become the pfaffian solution of the pfaffianized KP
equation. In other words, the p-KP ESCS are not only the generalization of the pfaffianized KP equation through
source generation procedure, but also the pfaffian generalization of the KPESCS. This indicates the commutativity of
the ‘source generation’ and the pfaffian generalization (pfaffianization). It would be interesting to apply the commuta-
tivity of the ‘source generation’ and pfaffianization to some other soliton equations, such as the discrete KP equation.
We expect that new coupled systems of some important soliton equations may be produced in this way.
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